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Summary 

Countercurrent imbibition is the process in which the wetting fluid spontaneously displaces the non-wetting fluid, while the non-wetting 

fluid is recovered at the wetting fluid inlet. It is a major mechanism for the recovery of shale oil, shale gas and tight oil. In shale and 

tight formations, micro-fractures are highly developed. Specifically, some typical formations, such as continental shales, consist of dense 

and parallel micro-fractures (DPF). In DPF systems, micro-fractures are segregated by low-permeability matrix, that breaks underlying 

assumptions of classical dual-porosity (DP) model. However, very close distance between neighboring micro-fractures results in strong 

capillary correlation. Despite extensive studies on layered media, there is still no suitable model to describe imbibition in DPF system 

at the representative elementary volume (REV) scale. 

In this study, we first numerically simulate the countercurrent imbibition in DPF systems with fine grids, adopting typical 

continental shale parameters. For imbibition parallel to micro-fractures, two distinct stages are identified:  an early stage where fractures 

are not correlated, and a late stage where neighboring fractures are strongly correlated by capillarity. In both stages, cumulative oil 

production (Q) is proportional to the square root of imbibition time (t1/2), while the pre-factors are very different. The late stage is the 

dominant stage in oil recovery. We note that the matrix permeability rarely contributes to imbibition parallel to micro-fractures at the 

late time, indicating that the matrix’s role here is to store fluid rather than to provide flow resistance. In addition, we rationalize the 

failure of classical DP model, as it significantly overestimates fracture-matrix fluid exchange near the displacement front. Similarly, for 

imbibition perpendicular to micro-fractures, Q is also proportional to t1/2 in late stage. 

After elucidating the mechanisms of fracture-fracture capillary interaction, we successfully derive analytical solutions for 

countercurrent imbibition kinetics in DPF at the late stage. We accordingly propose equivalent REV scale model and examine it with 

fine-grid simulations. We highlight the importance of adopting anisotropic relative permeability in this DPF system at REV scale for 

reservoir simulation, rather than simply adopting anisotropic absolute permeability. This presents a new challenge for numerical 

simulations at reservoir scale. 

 

I. Introduction 

The increasing global demand and ever-tightening supply of conventional hydrocarbons are driving significant expansion of 

unconventional resource production, which have huge reserves in shale and tight formations (Xu et al. 2022; Muther et al. 2022; Zou et 

al. 2013). Compared to conventional reservoirs, shales have lower porosity and permeability with highly developed micro-fractures 

(Sinn et al. 2017; Ma et al. 2019; Meng et al. 2020).  

Spontaneous countercurrent imbibition is a major mechanism for unconventional hydrocarbon recovery (Gu et al. 2019) after 

hydraulic fracturing. During countercurrent imbibition, more wetting aqueous fluid spontaneously displaces less wetting oil/gas in the 

low permeability matrix driven by capillary forces, and the two phases flow in opposite directions (Schmid et al. 2016). Countercurrent 

imbibition has been well investigated in conventional formation. There are many studies focusing on either the evaluation of imbibition 

recovery (Polat 2021; Tian et al. 2021; Hatiboglu and Babadagli 2007; Q. Meng et al. 2019) or the countercurrent imbibition distance 

(Meng, Liu, and Wang 2016) by using experimental, theoretical and numerical approaches. For homogeneous media, it has been 
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experimentally and theoretically shown that the recovery evolution with time is diffusive, i.e., recovery is proportional to the square root 

of imbibition time (Mcwhorter and Sunada 1990; Schmid et al. 2016; Velasco-Lozano and Balhoff 2021). However, recent reports on 

core flood experiments in low permeability formation (Lukyanov et al. 2019; Sirimark, Lukyanov, and Pryer 2018; 2019; Lukyanov et 

al. 2012) show some super-diffusive imbibition kinetics at early imbibition stage, i.e., recovery evolves faster than square root of 

imbibition time. Although some hypotheses are proposed to rationalize these super-diffusive imbibition kinetics, there is still very few 

well-accepted theories for this. It is highly suspected that the microscale geometric features in these low permeability media reshapes 

the imbibition kinetics.  

Specifically, continental shales consist of dense and parallel micro-fractures (DPF), as shown in Fig. 1a, b, c, d (Wang, Lyu, and 

Cole 2019; Sun et al. 2022). The population density of parallel micro-fractures in continental shale can be as large as 4000 /m (Panahi 

et al. 2013; Ougier-Simonin et al. 2016; Kobchenko et al. 2011). To model the flow in such DPF systems for reservoir simulation, 

discrete fracture models and embedded discrete fracture models are not computationally affordable, so elementary volume (REV) scale 

model is necessary. In an REV scale model, layered micro-fractures and low-permeability porous matrix should be ‘‘averaged’’. 

However, micro-fractures in continental shales are poorly connected, making classical dual-porosity (DP) model (Barenblatt, Zheltov, 

and Kochina 1960; Warren and Root 1963; Kazemi et al. 1976) not suitable due to the failure of interconnecting fracture assumption. 

Meanwhile, the distance of neighboring micro-fractures is so close that they could be hydrodynamically coupled by capillarity 

correlation through the thin matrix between them during multiphase flow. Consequently, approaches on independent single fracture 

(Andersen 2019; Andersen, Evje, and Kleppe 2014; Velasco-Lozano and Balhoff 2021) are also not applicable.  There is still lack of 

research on spontaneous imbibition in DPF systems.  

 
Fig. 1—Images of dense and parallel micro-fractures in shales. (a) X-ray tomography imaging of 3D micro-fracture network in shales; (b) 

Average distance between micro-fractures in shales; (c) Dense and parallel micro-fractures in shales; (d) Details of a single parallel micro-

fracture. (a), (b), (c) and (d) are reedited from (Kobchenko et al. 2011; Ougier-Simonin et al. 2016; Panahi et al. 2013). 

 

In this study, we aim at establishing equivalent REV scale model for multiphase flow in DPM media, referring to the realistic 

structure of continental shale. We first conduct fine grid numerical simulations to resolve the spatial and temporal evolution of fluid 

distribution during countercurrent imbibition, along or perpendicular to the micro-fractures. Based on numerical results, we can propose 

and validate some major assumptions and then explore theoretical correlations for imbibition along and perpendicular to micro-fractures. 

By contrast, we simulate using DP model and identify the reason why the DP model fails in this circumstance. According to the 

assumptions and theoretical correlations, we establish multiphase flow REV scale model for DPM media, and highlight the necessity of 

applying anisotropic relative permeability. 

II. Model Development 

A definition of dense and parallel micro-fracture (DPF) system. 

Layered media with nearly parallel structures is geologically typical. Here, we define ‘‘dense’’ rigorously as that the characteristic time 

of spontaneous imbibition between fractures (tm) is much smaller than the characteristic time of fluid flow time along fractures (tf). Here,  

tm can be estimated as 𝑡𝑚 =
𝜇𝑤(

𝐵

2
)
2

𝑘𝑚𝑝𝑐𝑚
 (where μw is the viscosity of water, B is the matrix width between micro-fractures, km and pcm are the 

permeability and capillary pressure of matrix, respectively), and tf during spontaneous imbibition can be estimated as 𝑡𝑓 =
𝜇𝑤(𝐿𝑥)2

𝑘𝑓𝑝𝑐𝑓
 

(where Lx is the length of micro-fractures, kf and pcf are the permeability and capillary pressure of micro-fractures, respectively). A 



   

 

fractured media can be defined as a DPF system, only when tm << tf. In a typical continental shale (shown in Fig. 1b), tm ≈ 101 s, while 

tf = 104 s, which matches the DPF system definition. 

Key assumptions. 

The following assumptions are made to reasonably simplify the numerical and theoretical research: 

1. The porous matrix layers share identical permeability, relative permeability curves and capillary pressure curve. 

2. Fluids and shale are incompressible,  and two phases are immiscible. 

3. The impact of gravity is negligible, which requires the Bond number 𝐵𝑜 =
𝜌𝑤𝑔ℎ

𝜎/(𝑏/2)
≪ 1, where ρw is the density of water, g is the 

gravitational acceleration, h is REV thickness, σ is the water surface tension and b is the micro-fracture aperture. This assumption is 

valid in our cases. 

4. The shale is water wet or mixed-wet, so spontaneous imbibition can occur when oil-saturated matrix is in contact with water.  In the 

main text, we only demonstrate the results of water-wet cases. As for mixed-wet shale, we also simulate an example to validate our 

models and correlations in the supplementary materials (section S.I and Fig. S-1&S-2&S-3). 

5. The flow along micro-fractures follows Darcy’s law.  This assumption is valid for shale gas recovery, as: 1) micro-fractures are of 

aperture much larger than 10-7 m, so nano-scale effects can be neglected; and 2) Reynolds number 𝑅𝑒 =
𝜌𝑤𝑢𝑥𝑏

𝜇𝑤
≪ 1 (Xue, Guo, and 

Chen 2020),where ux is the velocity of fluid flow in x-direction in our simulation, so inertia effect is negligible. All cases discussed later 

satisfy 𝑅𝑒 ≪ 1. 

6. The flow in porous matrix follows Darcy’s law. We note that many nonlinear flow behaviors may emerge in nanoporous media (Zhu 

et al. 2023; Afsharpoor and Javadpour, 2016; Cui, 2019), especially when the pore size is smaller than 10 nm. Nevertheless, movable 

shale oil mainly flows in relatively large pores (10 - 1000 nm) where Knudsen number (Kn) is lower than 0.1 (Roy et al. 2003; Zhang et 

al. 2019) , so slip-boundary effects, Knudsen diffusion and other nano-scale non-Darcy effects are not dominant (Li et al. 2019; Cui, 

2019). We thus still adopt Darcy’s law to attain analytical solution. Nevertheless, we are to relax this assumption later for imbibition 

parallel to the micro-fractures.  

Model setup. 

We use three different types of geometrical models, as shown in Fig. 2a, b, c:  

1. Unidirectional imbibition parallel to the micro-fractures, denoted as x-direction model, which contains two symmetric micro-fractures, 

as shown in Fig. 2a. 

2. Unidirectional imbibition perpendicular to the micro-fractures, denoted as y-direction model, which contains multiple micro-fractures, 

as shown in Fig. 2b. 

3. Dual-directional imbibition in two-dimensional (2D) media, denoted by oblique imbibition model, as shown in Fig. 2c.  

In all geometric models, we set constant pressure boundary at the inlet, where the pressures of two phases are equal. All other 

boundaries are closed. The model thickness is set to be 0.5 mm. We vary the value of distance between neighboring micro-fractures 

(0.12 to 0.36 mm) (Ougier-Simonin et al. 2016), micro-fracture apertures (0.0025 to 0.03 mm) (Panahi et al. 2013), matrix permeabilities 

(0.0001 to 0.01 mD) (Meng et al. 2020), and crude oil or gas viscosities (0.01 to 100 mPa∙s) (Chen et al. 2021; Wang et al. 2020), which 

are aligned with typical continental shale formation features and the DPF system definition.  

In addition, the fractures are parallel planes instead of parallel lines in practical three-dimension cases, with three orthogonal flow 

directions. As the two orthogonal directions parallel to the fracture are symmetric, we only consider the two-dimensional cases for 

theoretical and numerical study. Nevertheless, we still demonstrate some three-dimensional cases in supplementary material (section 

S.II and Fig. S-4 & S-5), where we compare the fine-grid simulation, theoretical model and REV scale model.   

 



   

 

 
 
Fig. 2—Schematic simulation models of dense and parallel micro-fractures in shales. (a) x-direction model, Lx = 150 mm, Ly = 0.54 mm, b = 

0.03 mm, B = 0.24 mm; (b) y-direction model, Lx = 300 mm, Ly = 32 mm, b = 0.01 mm, B = 0.24 mm; (c) Oblique imbibition model, Lx = 300 mm, 

Ly = 13.24 mm, b = 0.01 mm, B = 0.24 mm. 

 

Governing equations. 

The transport equations for incompressible, immiscible oil-water flow in porous rock without external source terms read: 



   

 
𝜕

𝜕𝑡
(𝜙𝑆𝑜) = −∇ ∙ (𝒗𝑜) (1) 

𝜕

𝜕𝑡
(𝜙𝑆𝑤) = −∇ ∙ (𝒗𝑤) (2) 

where ϕ is porosity. Sw(o) is the saturation of water(oil), and vw(o) is the Darcy velocity of phase water(oil). Two phase velocities are 

given by Darcy’s law: 

𝒗𝑜 = −
𝒌𝑘𝑟𝑜

𝜇𝑜

∇𝑝𝑜 (3) 

𝒗𝑤 = −
𝒌𝑘𝑟𝑤

𝜇𝑤

∇𝑝𝑤 (4) 

where pw(o) is the pressure of water(oil), krw(o) is the relative permeability of water(oil), and μw(o) is the viscosity of water(oil), k is absolute 

permeability tensor. Microscopic permeability of each grid is set as isotropic. The saturation and pressure are constrained by: 

𝑆𝑤 + 𝑆𝑜 = 1 (5) 

𝑝𝑜 − 𝑝𝑤 = 𝑝𝑐(𝑆𝑤) (6) 

where pc is the capillary pressure. Initial and boundary conditions are set as: 

𝑆𝑤(𝑥, 𝑦, 𝑡 = 0) = 𝑆𝑤𝑟 (7) 

𝑝𝑤(𝑖𝑛𝑙𝑒𝑡, 𝑡) = 𝑝0 (8) 

∇ ∙ 𝑣𝑤|Γ = 0 (9) 

where Swr is the initial or residual water saturation of the model, p0 is the constant pressure boundary at the inlet, Γ is the boundary other 

than the inlet. 

Numerical experiment setup. 

Numerical simulation is conducted using MATLAB Reservoir Simulation Toolbox (MRST) (Krogstad et al. 2015). We consider the 

usual power law correlations for the capillary pressure and relative permeability curves (Brooks and Corey 1963): 

𝑝𝑐𝑙 = 𝑝𝑏(𝑆𝑜
𝑒𝑓𝑓

)
𝑎

(10) 

𝑘𝑟𝑤𝑙 = 𝑘𝑟𝑤𝑙
0 (𝑆𝑤

𝑒𝑓𝑓
)
𝑛𝑤𝑙

(11) 

𝑘𝑟𝑜𝑙 = 𝑘𝑟𝑜𝑙
0 (𝑆𝑜

𝑒𝑓𝑓
)
𝑛𝑜𝑙

(12) 

where l indicates the matrix (l = m) or the micro-fractures (l = f). pb is the threshold entry pressure, krwl
0 and krol

0 are the end points of 

the water and oil phase relative permeabilities in matrix or fracture, respectively. a, nwl and nol are the capillary pressure, water phase 

relative permeability, and oil phase relative permeability exponent, respectively. Sw
eff and So

eff are the effective saturations of water and 

oil, respectively. In our simulation, a = 2 (Goda and Behrenbruch 2004). The effective saturations are normalized as: 

𝑆𝑤
𝑒𝑓𝑓

=
𝑆𝑤𝑙 − 𝑆𝑤𝑟𝑙

1 − 𝑆𝑜𝑟𝑙 − 𝑆𝑤𝑟𝑙

(13) 

𝑆𝑜
𝑒𝑓𝑓

=
1 − 𝑆𝑤𝑙 − 𝑆𝑜𝑟𝑙

1 − 𝑆𝑜𝑟𝑙 − 𝑆𝑤𝑟𝑙

(14) 

where Swl is the water saturation of matrix or micro-fractures, Swrl and Sorl are the residual saturations of water and oil in the matrix or 

the micro-fractures, respectively. Additionally, for various micro-fracture apertures and matrix permeabilities, we apply the Leverett J-

function (Leverett 1940) 𝑝𝑐 = 𝜎√
𝜙

𝑘
𝐽(𝑆𝑤) to rescale the pb values. We apply kf ∝ b2 (assuming kf = 100 mD with aperture of 0.03mm) 

(Gou et al. 2019) to rescale fracture permeability. Table 1 and Table 2 present the parameter values we adopt in the work, while Fig. 3 

illustrates the capillary pressure and relative permeability curves for matrix of km = 0.0001 mD, and micro-fractures with aperture of 

0.03mm. ϕl is the porosity of matrix or micro-fractures. 

 



   

 

b (mm) kf (mD) pb (Pa) 

0.03 100 1.46×104 

0.02 44.44 2.19×104 

0.01 11.11 4.38×104 

0.0075 6.25 5.85×104 

0.005 2.78 8.77×104 

0.0025 0.69 1.75×105 

Table 1—Micro-fracture apertures and related permeabilities and threshold entry pressures. 

 

Medium Swrl Sorl krwl
0 krol

0 nwl nol ϕl kl (mD) 

Fracture 0.2 0.2 0.7 0.9 1.6 1.2 0.5 0.69-100 

Matrix 0.2 0.2 0.3 0.6 3 2 0.05 0.01-0.0001 

Table 2—General parameters for simulation. 

 

 
Fig. 3—Relative permeability and capillary pressure curves of micro-fracture and matrix, b = 0.03 mm, km = 0.0001 mD. (a) Relative 

permeability curves; (b) Capillary pressure curves. 

III. X-Direction Countercurrent Imbibition: Analysis and Theory 

We first investigate unidirectional countercurrent imbibition parallel to the micro-fractures. There are two symmetric micro-fractures in 

the x-direction model (see Fig. 2a). The left side of the model is the water inlet and oil outlet with constant pressure. We demonstrate 

in Fig. S-6a and Fig. S-7a that mild asymmetry in micro-fractures does not affect the ultimate oil recovery. Therefore, we only present 

the imbibition in systems with symmetric micro-fractures. The effects of micro-fracture aperture, matrix permeability, oil viscosity, 

micro-fracture spacing on the cumulative oil production (Q) are studied. Additionally, a theoretical correlation of cumulative oil 

production is given, which is tested by comparing it with the fine grid simulation results. In comparison, the DP model with the same 

parameters as fine grid model is also simulated. 

Demonstration of imbibition process. 

In the demonstrative simulation, we set micro-fracture aperture, matrix permeability, oil viscosity, micro-fracture spacing as 0.03 mm, 

0.0001 mD, 1 mPa·s and 0.24 mm, respectively. The water saturation distribution at three different time point during the countercurrent 

imbibition process of the x-direction model is shown in Fig. 4a, b, c. The cumulative oil production curve, presented on a log-log 

coordinate system, is shown in Fig. 4d. 

 

 



   

 

 
 

Fig. 4—Demonstration of x-direction model, b = 0.03 mm, km = 0.0001 mD, μo = 1 mPa·s, B = 0.24 mm. (a) Details of water saturation distribution 

in early stage (t = 1 s); (b) Details of water saturation distribution between the early stage and the late stage (t = 10 s); (c) Water saturation 

distribution in late stage (t = 20501 s), red - high water saturation, blue - low water saturation. (d) Cumulative oil production curve with 

imbibition time in log-log coordinate, the x-axis is the imbibition time (t), the y-axis is the cumulative oil production (Q), the red dash line 

represents the cumulative oil production proportional to square root of imbibition time (Q ∝ t1/2) with different pre-factors; (e) comparison 

between arithmetic average t1 + t2 / 2 in the simulation and the theoretical transition time ttransition in x-direction, the blue dash line is y = x. 

 

Two distinct periods can be identified during the imbibition process: 

Early stage. At the beginning of imbibition, fluid distribution around two micro-fractures are independent. Water preferentially 

enters the micro-fractures and simultaneously displaces near-fracture oil, and time is not enough for imbibed regions near two micro-

fractures to overlap. Saturation gradient (thus the capillary pressure gradient) perpendicular to the micro-fractures in the matrix is very 

significant (Fig. 4a). This stage, where imbibition occurs in porous media with an independent fracture, has been extensively studied by 

numerous scholars (Andersen 2019; Andersen, Evje, and Kleppe 2014; Velasco-Lozano and Balhoff 2021). The early stage can be as 

short as ~1s, which is also much shorter than tm (~10s) so DPF definition does not apply. Such short time period is practically negligible 

for shale oil recovery.  

Late stage. The flows of two micro-fractures are highly synchronized and correlated. As the influenced regions from two micro-

fractures gradually expand, they eventually contact and overlap with each other (Fig. 4b), and ultimately merge completely (Fig. 4c). 

The merging of two imbibed regions implies that the two micro-fractures have been coupled by capillarity. In the late stage, the 

imbibition front becomes flat and catches up with the front in fracture, and the water saturation in the matrix around the micro-fracture 

quickly reaches the maximum value when water front sweeps through. The late stage starts since 100 s in the demonstrative case, 

covering major time period of interest in oil recovery.   

The transition from the early stage to the late stage thus corresponds to the time for water to fully saturate the matrix along y-

direction, which can be estimated as 𝑡𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 =  
𝐵2𝜇𝑤

8𝑘𝑚∆𝑝𝑐𝑚
 according to capillarity-driven Darcy’s law, where ∆𝑝𝑐𝑚 is defined as the 

maximum capillary pressure contrast in the matrix, i.e., pcm (Swrm) - pcm (1 - Sorm). In fine-grid simulation, the transition time can also be 

directly characterized by (t1 + t2)/2, where t1 and t2 are the beginning and end of the transition (rigorously defined in supplementary 

material). We measure (t1 + t2)/2 in multiple fine-grid simulations. As shown in Fig. 4e, the theoretical estimation (ttransition) can predict 



   

 

numerical measurements ((t1 + t2)/2) very well. Detailed parameters of these fine-grid simulations are demonstrated in supplementary 

material (Table S-1).  

 

Sensitivity analysis. 

To investigate the impact of various factors on x-direction imbibition, we compare the production curves with six different micro-

fracture apertures (0.03 mm, 0.02 mm, 0.01 mm, 0.0075 mm, 0.005 mm, 0.0025 mm), three different matrix permeabilities (0.0001 mD, 

0.001 mD, 0.01 mD), six different oil or non-wetting phase viscosities (0.01 mPa∙s, 0.1 mPa∙s, 1 mPa∙s, 20 mPa∙s, 50 mPa∙s, 100 mPa∙s, 

while fixing the water or wetting phase viscosity at 1 mPa∙s) and three micro-fracture densities (0.12 mm, 0.24 mm, 0.36 mm). The 

results are presented in Fig. 5. 

 
Fig. 5—Sensitivity analysis of cumulative oil production with different parameters, cumulative oil production curve with imbibition time in 

log-log coordinate, the x-axis is the imbibition time (t), the y-axis is the cumulative oil production (Q). (a) Cumulative oil production with 

different micro-fracture apertures (b), with km = 0.0001 mD, B = 0.24 mm, μo = 1 mPa∙s; (b) Cumulative oil production with different matrix 

permeabilities (km), with b = 0.01 mm, B = 0.24 mm, μo = 1 mPa∙s; (c) Cumulative oil production with different micro-fracture densities (B), 

with km = 0.0001 mD, b = 0.01 mm, μo = 1 mPa∙s; (d) Cumulative oil production with different oil or non-wetting phase viscosities (μo), with km 

= 0.0001 mD, b = 0.01 mm, B = 0.24 mm. 

 

In Fig. 5a, the influence of micro-fracture aperture (b) is illustrated, with the matrix permeability fixed at 0.0001 mD, the oil 

viscosity fixed at 1 mPa∙s and the micro-fracture spacing fixed at 0.24 mm. Larger fracture aperture corresponds to higher cumulative 

oil production. In Fig. 5b, the influence of matrix permeability (km) is illustrated, with the micro-fracture aperture fixed at 0.01 mm, the 

oil viscosity fixed at 1 mPa∙s and the micro-fracture spacing fixed at 0.24 mm. The simulation results reveal some differences in Q 

during the early stage. However, the late stage is barely affected by changing km. Fig. 5c illustrates the effect of micro-fracture spacing 

(matrix width between neighboring micro-fractures B), with the matrix permeability fixed at 0.0001 mD, the oil viscosity fixed at 1 

mPa∙s and the micro-fracture aperture fixed at 0.01 mm. Larger B (thicker matrix width) corresponds to higher Q. Fig. 5d presents cases 



   

 

involving different oil viscosities, with the matrix permeability fixed at 0.0001 mD, the micro-fracture spacing fixed at 0.24 mm and the 

micro-fracture aperture fixed at 0.01 mm. Higher crude oil viscosity increases resistance to imbibition, resulting in a lower Q, as expected. 

The fact that imbibition kinetics are insensitive to matrix permeability km indicates that the matrix contributes little to flow resistance 

in the late imbibition stage. The role of matrix in x-direction imbibition here is mainly to provide oil storage space. Therefore, the Darcy 

flow assumption in the matrix (assumption no.6) can be relaxed in a DPF system during x-direction imbibition.   

Brief observation summary for countercurrent imbibition in x-direction. 

1. In the early stage, fluid flows in neighboring micro-fractures are independent from each other, and the cumulative oil production is 

proportional to the square root of imbibition time (Q ∝ t1/2). 

2. In the late stage, the imbibition fronts around neighboring micro-fractures merge into a synchronized flat front. In the late imbibition 

period, the cumulative oil production is also proportional to the square root of imbibition time (Q ∝ t1/2), but with a higher pre-factor 

than the early imbibition stage. 

3. In the late stage, larger micro-fracture aperture (b), thicker matrix width (B, larger distance between neighboring micro-fractures) and 

lower oil viscosity result in higher oil production, while matrix permeability does not affect the ultimate imbibition kinetics. 

Analytical solution for the late stage of countercurrent imbibition in x-direction modeling. 

We have discussed that the late stage is the major stage that we concern in DPF systems. During the late stage, as the imbibition time 

into matrix (tm) is significantly shorter than the imbibition time along the micro-fracture (tf), we can assume that the fluid exchange 

between the micro-fractures and the surrounding matrix completes almost immediately at the imbibition front. It can be further 

demonstrated that the leading front of imbibition in the matrix aligns with the micro-fractures during the late imbibition period, as shown 

in Fig. 4c. In other words, we can assume that micro-fractures and the matrix achieve local capillary equilibrium at any given time 

throughout the late imbibition period. Therefore, the following relation holds: 

𝑝𝑐𝑓(𝑆𝑤𝑓) = 𝑝𝑐𝑚(𝑆𝑤𝑚) (15) 

where pcf and pcm are functions of the water saturation in the micro-fracture (Swf) and matrix (Swm), respectively.  

It can be inferred from significant contrast between capillary pressure curves in the micro-fracture and in the matrix, that local 

capillary equilibrium regulates the matrix water saturation at the late stage as either close to the residual water saturation (extremely 

high capillary pressure, ahead imbibition front), or nearly saturated with wetting phase (low capillary pressure, swept region), while 

water saturation in the micro-fractures varies continuously. This inference is supported by numerical results (Fig. 4c and Fig. 6). 

 
Fig. 6—Water saturation along the micro-fracture versus imbibition distance in normal coordinate, the x-axis is the imbibition distance, the 

y-axis is the water saturation (Sw), the red line represents the micro-fracture, the black line represents the matrix. Here we take the micro-

fracture aperture as 0.03 mm, matrix permeability as 0.0001 mD, oil viscosity as 1 mPa∙s and micro-fracture spacing as 0.24 mm for example, 

and capture the saturation profile at 20501s. 

 

Therefore, we can assume that no further water enters the matrix after behind imbibition front, while the accumulation in the micro-

fracture is very slow. This assumption is validated in Fig. 7a where the flux along the fracture at t = 16501 s, 18501 s, 20501s (the 

imbibition distance and flux are scaled to the range of [0 1]) overlap and varies little except near the imbibition front. We thus have 



   

 

𝑑

𝑑𝑥
[

𝑘𝑓𝜆𝑤𝑓𝜆𝑜𝑓𝑑𝑝𝑐𝑓

(𝜆𝑤𝑓 + 𝜆𝑜𝑓)𝑑𝑆𝑤𝑓

𝑑𝑆𝑤𝑓

𝑑𝑥
] = 0 (16) 

where λof  = krof / μo and λwf  = krwf / μw are the relative mobilities of oil and water phase in micro-fractures, respectively. By substituting 

the capillary pressure function and the relative permeability function into the Eq. 16 above and simplifying, we eventually arrive at the 

following non-linear differential equation with respect to Swf : 

𝑑

𝑑𝑥

[
 
 
 
 

(𝑆𝑤𝑓−𝑆𝑤𝑟𝑓)
𝑛𝑤𝑓 × (1 − 𝑆𝑤𝑓−𝑆𝑜𝑟𝑓)

𝑛𝑜𝑓+𝑎−1

𝜇𝑜𝑘𝑟𝑤𝑓
0 (

𝑆𝑤𝑓 − 𝑆𝑤𝑟𝑓

1 − 𝑆𝑜𝑟𝑓 − 𝑆𝑤𝑟𝑓
)

𝑛𝑤𝑓

+ 𝜇𝑤𝑘𝑟𝑜𝑓
0 (

1 − 𝑆𝑤𝑓 − 𝑆𝑜𝑟𝑓

1 − 𝑆𝑜𝑟𝑓 − 𝑆𝑤𝑟𝑓
)

𝑛𝑜𝑓
×

𝑑𝑆𝑤𝑓

𝑑𝑥

]
 
 
 
 

= 0 (17) 

 

 
Fig. 7—Spatial distribution of flux and water saturation along the micro-fracture during imbibition along x-direction. Here the spatial distance 

is the distance from the inlet normalized by front location, and the flux is normalized by the inlet flux. (a) Normalized flux along the micro-

fracture versus normalized distance in three different time at the late stage in log-log coordinate.  (b) Water saturation along the micro-

fracture versus normalized distance in three different oil viscosities under theoretical and simulation conditions, plotted in normal 

coordinates, the x-axis represents the normalized distance, the y-axis represents the water saturation along the micro-fracture. 

 

The distribution of Swf at t = 20501 s for three different oil viscosities with the same micro-fracture aperture (0.01 mm), matrix 

permeability (0.0001 mD), and micro-fracture spacing (0.24 mm) is obtained using the Runge-Kutta method and the shooting method, 

as shown in Fig. 7b. The theoretical solutions align well with the numerical simulation results. Consequently, mean water saturation in 

the micro-fracture (𝑆𝑤𝑓
̅̅ ̅̅ ̅ ) can be determined from the distribution of water saturation along the micro-fracture direction in the late 

imbibition period. Subsequently, mean water saturation in the matrix (𝑆𝑤𝑚
̅̅ ̅̅ ̅̅ ) can be obtained from Eq. 15.  

As discussed above, micro-fractures serve as the primary channels for imbibition in the late stage and contributes to major flow 

resistant, according to the simulation results. Therefore, Darcy’s law can be simply adopted along the micro-fracture to calculate the 

fluid imbibition velocity of the whole DPF system along x-direction. Simultaneously, micro-fractures continuously distribute wetting 

fluid to the matrix at the imbibition front, so the mass stored in the matrix should be considered to modify the flow rate at the imbibition 

front. Therefore, the velocity of imbibition front position (denoted by L) can be expressed as: 

𝑑𝐿

𝑑𝑡
= −

𝛽𝑘𝑓

𝑆𝑤𝑓
̅̅ ̅̅ ̅𝜙𝑓

𝜆𝑜𝑓𝜆𝑤𝑓

𝜆𝑤𝑓 + 𝜆𝑜𝑓

Δ𝑝𝑐𝑓

𝐿
(18) 

Here 𝛽 =
𝑉𝜙𝑓𝑆𝑤𝑓̅̅ ̅̅ ̅̅

𝑉𝜙𝑓𝑆𝑤𝑓̅̅ ̅̅ ̅̅ +𝑉𝜙𝑚𝑆𝑤𝑚̅̅ ̅̅ ̅̅ ̅
 is the transition factor from water velocity in micro-fracture to front velocity where Vфf, Vфm represent 

the pore volume of micro-fracture and matrix; 𝑆𝑤𝑓
̅̅ ̅̅ ̅𝜙𝑓 is the transition factor from water actual velocity to Darcy velocity along the 

micro-fracture;  Δpcf = pcf (Swf = Swrf) - pcf (Swf = 1 - Sorf) is the total capillary driving force along the micro-fracture. L is thus solved as: 

 



   

 

𝐿 = √
2𝛽

𝑆𝑤𝑓
̅̅ ̅̅ ̅𝜙𝑓

𝑘𝑓𝜆𝑜𝑓
(𝑆𝑤𝑓
̅̅ ̅̅ ̅)𝜆𝑤𝑓

(𝑆𝑤𝑓
̅̅ ̅̅ ̅)

𝜆𝑜𝑓
(𝑆𝑤𝑓
̅̅ ̅̅ ̅) + 𝜆𝑤𝑓

(𝑆𝑤𝑓
̅̅ ̅̅ ̅)

∆𝑝𝑐𝑓 × √𝑡 (19) 

Therefore, the theoretical formula for cumulative oil production corresponding to any time t in the late stages: 

𝑄 = 𝐿 × [𝜙𝑓𝐴𝑓(𝑆𝑤𝑓
̅̅ ̅̅ ̅ − 𝑆𝑤𝑟𝑓) + 𝜙𝑚𝐴𝑚(𝑆𝑤𝑚

̅̅ ̅̅ ̅̅ − 𝑆𝑤𝑟𝑚)] (20) 

where Af and Am are the cross-sectional areas of micro-fracture and matrix.  

To validate the theoretical correlation, we calculate the theoretical cumulative production at t = 20501 s for different micro-fracture 

apertures, different matrix permeabilities, different oil viscosities and different micro-fracture densities (results shown in Fig. 8). This 

theoretical cumulative production is proven to be in good agreement with the simulation results.  

  
 

Fig. 8—Comparison between theoretical cumulative production and simulated cumulative production in different parameters, the blue dash 

line represents y = x. 

 

Failure of DP model in x-direction imbibition. 

We test the applicability of DP model in DPF system. The details of classical DP model and variables’ setup are provided in the 

supplementary material (section S.V and Fig. S-8). We simulate two cases (B = 0.24 mm and 0.12 mm) with km = 0.0001 mD, b = 0.01 

mm, and μo = 1 mPa∙s, with both fine grid model and DP model. The simulated cumulative oil productions are shown in Fig. 9a. In the 

early stage, DP model aligns well with the fine grid model. However, in the late stage, DP model significantly overestimates the oil 

production. In addition, we note that DP model overestimates the cumulative oil production by 151% for case B = 0.24 mm, while by 

88% for case B = 0.12 mm, which are very different. This difference implies that the overestimation cannot be fixed by simply adjusting 

the fluid exchange constant in DP model (i.e., shape factor defined by Kazemi et al. (1976)). There must be failure of some fundamental 

assumption(s).  

Classic DP models assume that averaged “matrix saturation” can be used to depict the local hydrodynamic features (capillary 

pressure, relative permeabilities, etc.) of the matrix. This assumption requires self-similarity of spatial fluid distribution when matrix 

exchanges fluid with local microfracture. To examine the DP fracture-matrix fluid exchange assumptions in DPF system, we quantify 

the capillary pressure gradient and oil pressure gradient in the matrix near the matrix-fracture interface in the fine grid simulation, and 

compare them against matrix-fracture capillary pressure gradient predicted by the DP model.  We plot them along the direction of micro-

fracture as shown in Figure Fig. 9b.  

In swept region far from the front, DP model underestimates this capillary pressure gradient; nevertheless, a simple modification 

with constant pre-factor may fix it. However, in near-front region, DP model significantly overestimate the capillary pressure gradient 

by many orders of magnitude. This overestimation cannot be fixed by simply modifying the pre-factor. We rationalize it by non-

equilibrium fluid exchange near the front: major amount of fluid has been exchanged near the front before a self-similar spatial fluid 

distribution is established in the matrix. As fluid change mainly emerges near the front, DP model drastically overestimates total oil 

recovery.  



   

 

 
Fig. 9—Cumulative oil production of different micro-fracture densities and saturation profile in both the DP and fine grid models in x-

direction. (a) Cumulative oil production in different micro-fracture densities, calculated by fine-grid model and by DP model, with fixed km = 

0.0001 mD, b = 0.01 mm, and μo = 1 mPa∙s, where DP model clearly overestimates the oil production; (b) The driving force of microfracture-

matrix fluid exchange along x-direction, where dp/dy means the pressure gradient perpendicular to the micro-fracture in the matrix at the 

matrix-microfracture interface, the transparent blue rectangle indicates the water front region.  

IV. Y-Direction Countercurrent Imbibition: Analysis and Theory 

The y-direction countercurrent imbibition model grid setup is shown in Fig. 2b. The left side of the model is the water inlet and oil 

outlet with constant pressure, and the direction of imbibition is perpendicular to the micro-fracture extension direction. We also 

demonstrate in Fig. S-6b and Fig. S-7b that mild asymmetry in micro-fractures does not affect the ultimate oil recovery. Therefore, we 

only present the imbibition in systems with the same distance between neighboring two micro-fractures. The effects of micro-fracture 

aperture, matrix permeability, micro-fracture spacing and oil viscosity on the cumulative oil production are also studied. A theoretical 

model is proposed, and the accuracy of the theoretical solution is verified by comparing the theoretical and simulated cumulative oil 

production results. DP model with the same parameters as fine grid model is also simulated for comparison. 

Demonstration of imbibition process. 

Fig. 10a, b, c shows the water saturation distribution at three different time points during the countercurrent imbibition process of the 

y-direction model. The micro-fracture aperture, matrix permeability, oil viscosity and micro-fracture spacing are set at 0.01 mm, 0.001 

mD, 1 mPa∙s and 0.24 mm, respectively. The cumulative oil production curve is shown in Fig. 10d, presented on a log-log coordinate 

system. 

 



   

 

 
Fig. 10—Demonstration of y-direction model, b = 0.01 mm, km = 0.001 mD, μo = 1 mPa·s, B = 0.24 mm. (a) Details of water saturation distribution 

in early stage (t = 5 s), the white dash line is the first and second micro-fractures; (b) Details of water saturation distribution between the 

early stage and the late stage (t = 300 s), the white dash line is the first and second micro-fractures; (c) Water saturation distribution in late 

stage (t = 111110 s), red represents high water saturation, blue represents low water saturation, there are 12 micro-fractures, which could 

be seen 7 micro-fractures obviously. (d) Cumulative oil production curve with imbibition time in log-log coordinate, the x-axis is the imbibition 

time (t), the y-axis is the cumulative oil production (Q), the two triangles represents the cumulative oil production proportional to square root 

of imbibition time (Q ∝ t1/2) with different pre-factors; (e) comparison between arithmetic average t1 + t2 / 2 in the simulation and the theoretical 

transition time ttransition in y-direction, the blue dash line is y = x. 

 

Similar to x-direction imbibition, we also identify two distinct periods during y-direction imbibition:  

Early stage. Water slowly saturates the first matrix block without penetrating the first micro-fracture. This is similar to the 

countercurrent imbibition into homogeneous media (Fig. 10a). The early stage can be as short as 30 s in the demonstrative case. At the 

end of the early stage, the water front meets the micro-fracture. However, as the capillary pressure in micro-fracture is much smaller 

than that in matrix, there is no adequate driving force for water to penetrate into the next matrix block. Therefore, the micro-fracture 

behaves like a closed boundary, while the average saturation in the first matrix block gradually increases towards its maximum. When 

the first matrix block reaches high water saturation, the imbibition driving force (capillary pressure gradient) becomes very small and 

the oil recovery significantly slows down, as shown in the plateau in Fig. 10a. When the first matrix block’s water saturation further 

increases that the capillary pressure is comparable to that in the first micro-fracture, water start to flow into and across the first 

microfracture, and then into the second matrix block driven by the high capillary pressure   

Late stage. The number of water-saturated matrix and micro-fractures is large enough. When the saturation in the first matrix block 

reaches almost the maximum and the capillary pressure decreases low enough, water is able to penetrate into the micro-fracture, and 

starts sweeping the next matrix block (Fig. 10b). As the imbibition progress deeper, the saturations in swept matrix blocks are all close 

to the maximum, while different micro-fractures have varying saturations (Fig. 10c). The late stage starts at 10000 s in the demonstrative 

case, which covers major time period of interest in oil recovery.  

We note that the transition from the early stage to the late stage in y-direction imbibition also corresponds to the time for water to 

fully saturate the matrix along y-direction, similar to x-direction imbibition, except that the driving force is the capillary pressure contrast 

between different fractures. It thus can be estimated by 𝑡𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 =  
𝐵2𝜇𝑤

2𝑘𝑚∆𝑝𝑐𝑓
. Here,   Δpcf = pcf (Swrf) - pcf (1 - Sorf). We measure (t1 + 



   

 

t2)/2 in multiple fine-grid simulations for y-direction imbibition. As shown in Fig. 10e, the theoretical estimation (ttransition) can predict 

numerical measurements ((t1 + t2)/2) very well.  Detailed parameters of these fine-grid simulations are demonstrated in supplementary 

material (Table S-2). 

Sensitivity analysis. 

To investigate the impact of various factors on y-direction imbibition, six different micro-fracture apertures (0.03 mm, 0.02 mm, 0.01 

mm, 0.0075 mm, 0.005 mm, 0.0025 mm), three different matrix permeabilities (0.0001 mD, 0.001 mD, 0.01 mD), three different oil or 

non-wetting phase viscosities (0.1 mPa∙s, 1 mPa∙s, 10 mPa∙s, while fixing the water or wetting phase viscosity at 1 mPa∙s) and three 

different micro-fracture densities (0.36 mm, 0.24 mm, 0.12 mm) are considered. The results are presented in Fig. 11. 

 
Fig. 11—Sensitivity analysis of cumulative oil production with different parameters, cumulative oil production curve with imbibition time in 

log-log coordinate, the x-axis is the imbibition time (t), the y-axis is the cumulative oil production (Q). (a) Cumulative oil production with 

different micro-fracture apertures (b), with km = 0.001 mD, B = 0.24 mm, μo = 1 mPa∙s; (b) Cumulative oil production with different matrix 

permeabilities (km), with b = 0.01 mD, B = 0.24 mm, μo = 1 mPa∙s; (c) Cumulative oil production with different micro-fracture densities (B), 

with b = 0.01 mD, km = 0.001 mD, μo = 1 mPa∙s; (d) Cumulative oil production with different oil or non-wetting phase viscosities (μo), b = 0.01 

mD, km = 0.001 mD, B = 0.24 mm. 

 

In Fig. 11a, the influence of micro-fracture aperture (b) is illustrated, with the matrix permeability fixed at 0.001 mD, the oil 

viscosity fixed at 1 mPa∙s and the micro-fracture spacing fixed at 0.24 mm. Larger micro-fracture aperture results in lower capillary 

pressure, which leads to slower penetration into the micro-fracture, thus resulting in lower Q in late stage. In Fig. 11b, the influence of 

matrix permeability (km) is illustrated, with the micro-fracture aperture fixed at 0.01 mm, the oil viscosity fixed at 1 mPa∙s and the micro-

fracture spacing fixed at 0.24 mm. The simulation results show that Q increases with km in the early stage, as the flow resistance is 

proportional to km, while the driving force is proportional to km
-1/2. The sensitivity of Q to km is largely amplified in late stage, which 

implies that the driving force may no longer be the capillary pressure in matrix. Fig. 11c illustrates the effect of micro-fracture spacing 

(matrix width between neighboring micro-fractures B), with the matrix permeability fixed at 0.001 mD, the micro-fracture aperture fixed 

at 0.01 mm and the oil viscosity fixed at 1 mPa∙s. Larger B (thicker matrix width) only slightly changes the behavior of the transition 

between early and late stage, but has little effect on Q in both early and later stage. This insensitivity of B implies that the major resistance 

is not in the micro-fracture. In addition, Fig. 11d presents cases involving different oil viscosities, with the matrix permeability fixed at 



   

 

0.001 mD, the micro-fracture aperture fixed at 0.01 mm and the micro-fracture spacing fixed at 0.24 mm. Higher crude oil viscosity 

increases resistance to imbibition, resulting in a poorer final recovery, as expected.  

Brief summary of the countercurrent imbibition in y-direction.  

1. The early stage of y-direction imbibition occurs in the first matrix block, and the cumulative oil production is initially proportional to 

the square root of imbibition time (Q ∝ t1/2), following classic model for countercurrent imbibition in homogeneous media.  

2. In the late stage of imbibition, the cumulative oil production is proportional to the square root of imbibition time (Q ∝ t1/2), but with 

a smaller pre-factor than that in the early stage.  

3. Smaller micro-fracture aperture, higher matrix permeability and lower viscosity contribute to oil production, while micro-fracture 

spacing does not impact the ultimate imbibition kinetics. We thus suspect that the resistance mainly occurs in matrix blocks, while the 

driving force is controlled by micro-fracture in the late stage. 

Analytical solution for the late stage of countercurrent imbibition in y-direction modeling. 

In the late stage y-direction imbibition, the matrix and micro-fractures also reach a capillary equilibrium as that in late stage x-direction 

imbibition, which can be described by the same equation as Eq. 15. Similarly, the capillary pressure in the micro-fractures is much 

smaller than the matrix capillary pressure corresponding to the same water saturation. Therefore, achieving equal capillary pressures is 

only possible if the water saturation in the matrix is close to the maximum or if both matrix and micro-fracture are at residual water 

saturation. In other words, the water saturation in the matrix at the late imbibition stage is either close to the maximum or equal to the 

residual water saturation, leading to two plateaus in the water saturation distribution curve, which is supported by Fig. 12 at the late 

imbibition stage. Whereas, the micro-fracture water saturation varies continuously along the imbibition direction, which is in agreement 

with the conjecture that we have proposed. 

 
Fig. 12—Water saturation along the imbibition direction versus imbibition distance in normal coordinate, the x-axis is the imbibition distance, 

the y-axis is the water saturation (Sw), the red points represent different micro-fractures’ water saturation, the black curve segments represent 

the matrix water saturation. We note that the black curve segments and red points are discontinuous.  

 

Consequently, we can calculate the mean water saturation in the micro-fracture (𝑆𝑤𝑓
̅̅ ̅̅ ̅) from the known mean water saturation in the 

matrix (𝑆𝑤𝑚
̅̅ ̅̅ ̅̅ ) according to the capillary equilibrium formula by Eq. 15. Fig. 13a illustrates the variation curve of the water imbibition 

flux with imbibition distance along the imbibition direction at the late stage. It can be seen that the normalized flux at t = 811110 s, 

911110 s, 1011110 s, the normalized flux along the imbibition direction is almost constant with a small variation. Since the flow 

resistance during the late stage of imbibition mainly occurs in the matrix and the driving force is regulated by capillary equilibrium, it 

is obtained from Darcy's law that: 

𝑑

𝑑𝑥
[

𝑘𝑚𝜆𝑤𝑚𝜆𝑜𝑚𝑑𝑝𝑐𝑚

(𝜆𝑤𝑚 + 𝜆𝑜𝑚)𝑑𝑆𝑤𝑚

𝑑𝑆𝑤𝑚

𝑑𝑥
] = 0 (21) 

where λom = krom / μo and λwm = krwm / μw are the relative mobility of oil and water phase in matrix, respectively. The relative permeability 

and capillary pressure function are substituted in Eq. 21 and simplified: 

𝑑

𝑑𝑥
[

(𝑆𝑤𝑚−𝑆𝑤𝑟𝑚)𝑛𝑤𝑚 × (1 − 𝑆𝑤𝑚−𝑆𝑜𝑟𝑚)𝑛𝑜𝑚+𝑎−1

𝜇𝑜𝑘𝑟𝑤𝑚
0 (

𝑆𝑤𝑚 − 𝑆𝑤𝑟𝑚

1 − 𝑆𝑜𝑟𝑚 − 𝑆𝑤𝑟𝑚
)

𝑛𝑤𝑚

+ 𝜇𝑤𝑘𝑟𝑜𝑚
0 (

1 − 𝑆𝑤𝑚 − 𝑆𝑜𝑟𝑚

1 − 𝑆𝑜𝑟𝑚 − 𝑆𝑤𝑟𝑚
)

𝑛𝑜𝑚
×

𝑑𝑆𝑤𝑚

𝑑𝑥
] = 0 (22) 



   

 

 
Fig. 13—Spatial distribution of flux and water saturation during y-direction imbibition. Here the spatial distance is the distance from the inlet 

normalized by front location, and the flux is normalized by the inlet flux.  (a) Normalized flux along the imbibition direction versus normalized 

distance in three different time at the late stage in log-log coordinate, the x-axis is the normalized distance, the y-axis is the normalized flux; 

(b) Matrix water saturation along the imbibition direction versus normalized distance in three different cases under theoretical and simulation 

conditions, plotted in normal coordinates, the x-axis represents the normalized distance, the y-axis represents the matrix water saturation 

along the imbibition direction, the oil viscosity in all the cases is 1 mPa∙s, T represents theoretical, and S represents simulation. 

 

The distribution of water saturation along the imbibition direction at t = 1011110 s for three different cases is obtained using the 

Runge-Kutta method and the shooting method, as shown in Fig. 13b. It is evident that the theoretical solution aligns well with the 

numerical simulation, affirming that the imbibition flux along the imbibition direction is uniform everywhere except at the front of 

imbibition. Consequently, 𝑆𝑤𝑚
̅̅ ̅̅ ̅̅  can be determined from the distribution of water saturation along the imbibition direction in the late 

imbibition period. Subsequently, 𝑆𝑤𝑓
̅̅ ̅̅ ̅ can be obtained from the Eq. 15.  

We succeed in deriving the distribution of water saturation at any moment during the late stage of countercurrent imbibition in y-

direction model. The imbibition flow occurs mainly in the matrix, thus the imbibition front velocity at the late stage is: 

𝑑𝐿

𝑑𝑡
= −

𝑘𝑚

𝑆𝑤
̅̅̅̅ 𝜙𝑒

𝜆𝑜𝑚𝜆𝑤𝑚

𝜆𝑤𝑚 + 𝜆𝑜𝑚

Δ𝑝𝑐𝑚

𝐿
(23) 

Where ϕe is the averaged porosity between matrix and micro-fracture, and 𝑆𝑤
̅̅̅̅  is the averaged water saturation between matrix and 

micro-fracture. 𝑆𝑤
̅̅̅̅ 𝜙𝑒 thus is the factor to transient Darcy velocity to actual water velocity. By utilizing the mean velocity formula, the 

position of the imbibition front (L) along the imbibition direction at imbibition time (t) is then determined as: 

𝐿 = √
2

𝑆𝑤
̅̅̅̅ 𝜙𝑒

𝑘𝑚𝜆𝑜𝑚
(𝑆𝑤𝑚
̅̅ ̅̅ ̅̅ )𝜆𝑤𝑚

(𝑆𝑤𝑚
̅̅ ̅̅ ̅̅ )

𝜆𝑜𝑚
(𝑆𝑤𝑚
̅̅ ̅̅ ̅̅ ) + 𝜆𝑤𝑚

(𝑆𝑤𝑚
̅̅ ̅̅ ̅̅ )

∆𝑝𝑐𝑚 × √𝑡 (24) 

In the late imbibition period, capillary equilibrium yields ∆𝑝𝑐𝑚=∆𝑝𝑐𝑓 = 𝑝𝑐𝑓  ( 𝑆𝑤𝑟𝑓)  −  𝑝𝑐𝑓  ( 1 −  𝑆𝑜𝑟𝑓). Therefore, the theoretical 

formula for cumulative oil production corresponding to any imbibition time t in the late stage is: 

𝑄 = 𝐿 × [
𝑏

𝑏 + 𝐵
× 𝜙𝑓𝐴(𝑆𝑤𝑓

̅̅ ̅̅ ̅ − 𝑆𝑤𝑟𝑓) +
𝐵

𝑏 + 𝐵
× 𝜙𝑚𝐴(𝑆𝑤𝑚

̅̅ ̅̅ ̅̅ − 𝑆𝑤𝑟𝑚)] (25) 

where A is the cross-sectional area of y-direction model. 

To validate the theoretical correlation, we can calculate the theoretical cumulative production at t = 1011110 s for different micro-

fracture apertures, different matrix permeabilities, different oil viscosities and different micro-fracture densities (results shown in Fig. 

14). This theoretical cumulative production is proven to be in good agreement with the simulation results.  



   

 

  
Fig. 14—Comparison between theoretical cumulative production and simulated cumulative production in different parameters, the blue dash 

line represents y = x. 

Comparison of DP model in y-direction. 

We also simulate the DP model in the y-direction for comparison, and the results are presented in Fig. 15. It is apparent that the 

cumulative oil production of the DP model does not align with that of the fine grid model.  

 
Fig. 15—Cumulative oil production of several cases in both the DP and fine grid models in y-direction. (a) Different micro-fracture apertures, 

with km = 0.001 mD, B = 0.24 mm, μo = 1 mPa∙s; (b) Different micro-fracture densities, with b = 0.01 mD, km = 0.001 mD, μo = 1 mPa∙s. 

V. Equivalent REV Model 

Although fine-grid simulation can provide good accuracy, using such small grid sizes (tens of microns) is computational not acceptable 

for reservoir simulation. To depict two phase flow in DPF systems in a practical reservoir simulator, developing an equivalent 

representative elementary volume (REV) scale model is necessary. As the early stage of imbibition is very short, we only consider the 

late stage. Subsequently, we validate the equivalent REV model using a 2-D imbibition case. 

Equivalent porosity, absolute permeabilities and capillary pressure. 

The porosity of the equivalent REV model (ϕe) is calculated as: 

𝜙𝑒 = 𝛾𝜙𝑓 + (1 − 𝛾)𝜙𝑚 (26) 



   

 

where 𝛾 =
𝑉𝑓

𝑉𝑓+𝑉𝑚
 is the percentage of the micro-fracture volume to the entire volume, Vf and Vm are the micro-fracture volume and 

matrix volume, respectively. The equivalent absolute permeability of x-direction model (Kx) can be calculated from the parallel 

connection formula: 

𝑲𝒙 =
𝑏𝑘𝑓 + 𝐵𝑘𝑚

𝑏 + 𝐵
(27) 

In the y-direction imbibition model, the matrix and micro-fractures are connected in series, and the equivalent absolute permeability 

of y-direction model (Ky) can be expressed as follows: 

𝑲𝒚 =
𝑏 + 𝐵

𝑏
𝑘𝑓

+
𝐵
𝑘𝑚

(28)
 

The equivalent water saturation (Sw) can be calculated as follows: 

𝑆𝑤 = 𝜔𝑆𝑤𝑓 + (1 − 𝜔)𝑆𝑤𝑚 (29) 

Where 𝜔 =
𝑉𝜙𝑓

𝑉𝜙𝑓+𝑉𝜙𝑚
.It is important to note that Swf and Swm are not independent variables. They are correlated due to the local 

capillary equilibrium between the micro-fractures and the matrix, as shown in Eq. 15 for both the x-direction and y-direction. 

Capillary pressure in a DPF system can be determined by combining Eq. 15 and Eq. 29, and applying the constraint Swf ≥ Swrf to 

ensure that the capillary pressure cannot be larger than the maximum capillary pressure in the micro-fracture (pcf (Swrf)). We define 

critical matrix water saturation (Swmc) that pcm (Swmc) = pcf (Swrf). When Sw ≥ ωSwrf + (1-ω) Swmc = Swc (here we use Swc to define averaged 

critical water saturation of equivalent REV model), capillary pressure can be simply determined by combining Eq. 15 and Eq. 29. When 

Sw ﹤ ωSwrf + (1-ω) Swmc = Swc, the capillary pressure is set equal to pcf (Swrf), because in both x-direction and y-direction, the driving 

force is the capillary pressure in the micro-fracture in the late stage. The capillary pressure of the equivalent REV model is thus obtained, 

as shown in Fig. 16a (taking the micro-fracture aperture 0.01 mm, matrix permeability 0.001 mD, micro-fracture spacing 0.24 mm as 

an example). 

 
Fig. 16—Equivalent REV capillary pressure and anisotropic relative permeability curves. (a) Equivalent REV capillary pressure curve – black 

line, matrix (green line) and micro-fracture (red line) capillary pressure line; (b) Equivalent REV relative permeability curve along the micro-

fracture direction (x-direction); (c) Equivalent REV relative permeability curve along the imbibition direction (y-direction). All curves in this 

figure adopt micro-fracture aperture 0.01 mm, matrix permeability 0.001 mD, micro-fracture spacing 0.24 mm as an example. 

 

Equivalent anisotropic relative permeabilities. 

Relative permeability in x-direction. As analyzed earlier, the flow resistance along the micro-fracture imbibition (x-direction) in a 

DPF system at late stage is mainly from micro-fracture, while the matrix’s role is to store fluid. Therefore, the matrix can be neglected 

to impermeable layer when calculating the flow resistance with known flux. As the micro-fractures and the matrix are parallel to flow 

direction, the x-direction relative permeability can be calculated as: 

𝑲𝒓𝒘𝒙 =
𝑏𝑘𝑓𝑘𝑟𝑤𝑓

(𝑏 + 𝐵)𝑲𝒙

(30) 

 

𝑲𝒓𝒐𝒙 =
𝑏𝑘𝑓𝑘𝑟𝑜𝑓

(𝑏 + 𝐵)𝑲𝒙

(31) 



   

 

Relative permeability in y-direction. In the y-direction imbibition model, the matrix and micro-fractures are connected in series. 

Thus, y-direction relative permeability can be calculated as: 

𝑲𝒓𝒘𝒚 =
𝑏 + 𝐵

(
𝑏

𝑘𝑓𝑘𝑟𝑤𝑓
+

𝐵
𝑘𝑚𝑘𝑟𝑤𝑚

)𝑲𝒚

(32)
 

𝑲𝒓𝒐𝒚 =
𝑏 + 𝐵

(
𝑏

𝑘𝑓𝑘𝑟𝑜𝑓
+

𝐵
𝑘𝑚𝑘𝑟𝑜𝑚

)𝑲𝒚

(33)
 

We note that the anisotropy exists not only in absolute permeability, but also in relative permeability. It aligns with some recent 

approaches on layered porous media (Pei et al. 2023; 2022; Keilegavlen, Nordbotten, and Stephansen 2012). Unfortunately, current 

commercial reservoir simulators only use anisotropic absolute permeability to depict anisotropy. As the relative permeabilities are of 

very different shapes in different directions for DPF systems, it becomes necessary to establish reservoir simulation technology that is 

compatible with the setting of anisotropic relative permeability. 

Unidirectional validation of equivalent REV models.  

We conduct numerical simulation using the equivalent REV model and compare the results with those of fine grid model simulation 

above mentioned. As shown in supplemental materials Fig. S-9 and Fig. S-10, the late time results exhibit an excellent match.  

In addition, we compare the REV simulation along x-direction  (grid size 10 cm, total model length 5 m, simulation time 300 days) and 

y-direction  (grid size 1 cm, total model length 1.5 m, simulation time 30000days) against our theoretical model (Eq.20 and Eq.25), 

which both match very well, As shown in Fig.17 a&b. Here the REV model grid size is chosen to reach the minimum arid size in 

reservoir simulation. 

We also simulate two different cases with more complex heterogeneity (Saif et al. 2017): 1) staggered distributed micro-fractures and 

2) non-uniform micro-fractures. Simulation results show that the REV model for both x- and y- directions well matches the fine-grid 

simulations, as demonstrated in detail in supplementary materials (Fig. S-11 and Fig. S-12).  

 

 
Fig. 17 Comparison of cumulative oil production between REV model in huge grids (field-scale) and theoretical model in x-direction and y-

direction, the blue dash lines represent y = x. (a) Results in x-direction; (b) Results in y-direction. 

Summary of equivalent REV model. 

If the coordinate is selected that x-axis is parallel to the micro-fracture in a DPF system, the permeabilities, relative permeabilities and 

capillary pressure in 2-D system are as follows: 

𝑲 = (
𝑲𝒙 0
0 𝑲𝒚

) (34) 

𝑲𝒓𝒘 = (
𝑲𝒓𝒘𝒙 0

0 𝑲𝒓𝒘𝒚
) (35) 

𝑲𝒓𝒐 = (
𝑲𝒓𝒐𝒙 0

0 𝑲𝒓𝒐𝒚
) (36) 



   

 

𝑃𝑐 = {

𝑝𝑐𝑓(𝑆𝑤𝑟𝑓), 𝑆𝑤 < 𝑆𝑤𝑐

𝑝𝑏𝑓 (
1 − 𝑆𝑤 − 𝑆𝑜𝑟

1 − 𝑆𝑤𝑐 − 𝑆𝑜𝑟

)
𝑎

, 𝑆𝑤  ≥  𝑆𝑤𝑐

(37) 

where pbf is the threshold entry pressure of micro-fracture, Sor is the averaged residual oil saturation of equivalent REV model, which 

can be calculated by Eq. 29. 

For 2-D system, the governing equation is shown below: 

𝜙𝑒

𝜕𝑆𝑤

𝜕𝑡
=

𝜕

𝜕𝑥
(
𝑲𝒙𝝀𝒘𝒙𝝀𝒐𝒙

𝝀𝒘𝒙 + 𝝀𝒐𝒙

𝜕𝑃𝐶

𝜕𝑆𝑤

𝜕𝑆𝑤

𝜕𝑥
) +

𝜕

𝜕𝑦
(
𝑲𝒚𝝀𝒘𝒚𝝀𝒐𝒚

𝝀𝒘𝒚 + 𝝀𝒐𝒚

𝜕𝑃𝐶

𝜕𝑆𝑤

𝜕𝑆𝑤

𝜕𝑦
) (38) 

where 𝝀𝒘𝒙 =
𝑲𝒓𝒘𝒙

𝜇𝑤
 , 𝝀𝒘𝒚 =

𝑲𝒓𝒘𝒚

𝜇𝑤
 , 𝝀𝒐𝒙 =

𝑲𝒓𝒐𝒙

𝜇𝑜
 , 𝝀𝒐𝒚 =

𝑲𝒓𝒐𝒚

𝜇𝑜
 . 

Validation in oblique imbibition model.  

Here we introduce a more practical model that the imbibition direction is neither parallel nor perpendicular to the direction of micro-

fractures, from a point source at the corner (Fig. 1c). The fine grid simulation is conducted, and water saturation profile at t = 1000000 

s is shown in Fig. 18a. We further average saturation in local micro-fractures and matrix blocks of the fine grid scale to get coarsened 

saturation profile as shown in Fig. 18b. 

 
Fig. 18—Water saturation distribution in log-log coordinate and cumulative oil production comparison between fine grid model and 

equivalent REV model in 2D model at t = 1000000 s. (a) Water saturation distribution of fine grid model; (b) Averaged water saturation 

distribution of fine grid model; (c) Water saturation distribution of equivalent REV model, red represents high water saturation, while blue 

represents low water saturation; (d) cumulative oil production comparison between fine grid model (black line) and equivalent REV model 

(red points) at t = 1000000 s. 

 

Finite volume method is used to solve the imbibition process of equivalent REV scale model, and the water saturation profile at the 

same time is shown in Fig. 18c. When comparing the averaged water saturation in the fine grid model (Fig. 18b), with the water 



   

 

saturation in the equivalent REV model (Fig. 18c), they exhibit a good match. Furthermore, the cumulative oil production evolution 

obtained from fine grid model simulation and equivalent REV scale model simulation is compared in Fig. 18d. The results demonstrate 

a perfect match at late times (Fig. 18d). Grid sensitivity independence is shown in Fig. S-3. 

In addition, we note that the REV model is not limited to imbibition kinetics. We show that it also works for displacement as shown 

in the Supplementary Materials and in Fig. S-13, when the system fits DPF definition. 

VI. Summary and Conclusions 

We investigate spontaneous countercurrent imbibition during unconventional hydrocarbon recovery in one common type of 

unconventional formations, where micro-fractures densely and parallelly develop. The main conclusions are as follows: 

• Definition of DPF system. A rigorous definition of “dense and parallel micro-fracture” (DPF) system is proposed, as fractured 

media that the characteristic time of fluid flow along the fracture is much longer than that across the layered matrix. Continental 

shales are typical DPF systems when spontaneous imbibition occurs, as supported by core characterizations. In a DPF system, 

classic dual porosity (DP) models are not valid due to the failure of assumptions for fracture-matrix fluid exchange. 

• Spontaneous countercurrent imbibition kinetics in DPF systems.  We conduct fine-grid reservoir simulation to investigate 

imbibition kinetics in DPF systems. We look into directions both parallel to fracture (x-direction) and perpendicular to the fractures 

(y-direction). In both directions, early- and late- stages are identified, which are all of diffusive kinetics (𝑄 ∝ 𝑡1/2) but with distinct 

pre-factors. We focus on late stage for both directions, that are of interest to hydrocarbon.  For x-direction imbibition, the larger 

micro-fracture aperture and spacing as well as the smaller crude oil viscosity contribute to oil production. Matrix permeability has 

little effect on ultimate recovery. For y-direction imbibition, the smaller micro-fracture aperture, larger matrix permeability and 

lower crude oil viscosity contribute to higher imbibition rate. Micro-fracture spacing has little effect on ultimate recovery. 

• Theoretical solutions for late stage. Imbibition kinetics is insensitive to matrix permeability and matrix plays a role of fluid storage 

space in x-direction; imbibition kinetics is insensitive to fracture permeability, and fracture plays a role of fluid storage space in y-

direction. We rationalize these observations based on DPF definition which allows local capillary equilibrium assumption, and then 

successfully derive analytical solutions for one-dimensional spontaneous countercurrent simulation for both x-direction and y-

direction imbibition. Theoretical solutions match fine-grid simulation results.  

• REV scale model and anisotropic relative permeabilities. According to the theoretical solutions, we construct coarsened REV 

scale model to depict two-phase flow in DPF systems for reservoir simulation. The model matches two-dimensional fine-grids 

simulation well. In this REV scale model for DPF systems, we note that the anisotropy cannot be depicted only by anisotropic 

absolute permeability. Anisotropic relative permeability is necessary, and is rigorously derived. New challenge thus rises for 

reservoir simulation on unconventional formation with DPF systems, such as continental shale oil.  

Although we define DPF systems inspired by direct observation on continental shale, the analytical solution and REV model are not 

limited to shale systems. Above conclusions should also work for other formations with similar layered properties that satisfy the 

rigorous definition of DPF. 
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